We discuss the cosmological constant problem, at the minisuperspace level, within the framework of the so-called normalized general relativity (NGR). We prove that the Universe cannot be closed, and reassure that the accompanying cosmological constant Λ generically vanishes, at least classically. The theory does allow, however, for a special class of Λ = 0 solutions which are associated with static closed Einstein universe and with Eddington-Lemaître universe.
Introduction
Many ideas have emerged over the years in an attempt to decode the cosmological constant puzzle [1] , clearly one of the most stubborn problems in contemporary theoretical physics [2] . Among the prominent proposals to explain the cosmological observations [3] one can list unimodular gravity [4] , alternative measure gravity [5] , degravitation [6] , supersymmetric string theories [7] , and many more. Most of these proposals, with the exception of unimodular gravity, which relies on a shift symmetry of the Lagrangian density, differ markedly from our approach. The unimodular gravity driven cosmological constant Λ turns out to be an arbitrary constant of integration, and one may wonder whether its value can be fixed, at least classically. As demonstrated in this paper, this can be done within the framework of normalized general relativity (NGR) [8, 9] .
NGR is defined by the apparently non-local action
where the standard Einstein-Hilbert functional I GR is divided by the volume functional I V such that the underlying theory has a built-in symmetry
(with units 16πG N = c =h = 1, and the constant ǫ is introduced on purely dimensional grounds). The field equations associated with the action Eq.(1) take the form
where the cosmological constant Λ is proportional to the value of the action along the classical solution. Furthermore, Λ is determined by the self-consistency functional equation
where I N GR (Λ) stands here for the on shell value of I N GR , i.e., its value along the accompanying classical equations of motion Eq. (3) . Together, Eq. (3) and Eq. (4) are non-local (in the sense defined in [10] ) and acasual, since they contain a spacetime average of the EinsteinHilbert Lagrangian. Roughly speaking, NGR cannot be solved as an ordinary Cauchy problem. Yet once the functional equation Eq. (4) is solved and the corresponding Λ gets fixed, Eq. (3) becomes practically local. Resembling NRF, the practically local equations of motion which stem from our NGR Lagrangian do not allow for any flow of information from the future whatsoever. Invoking the global structure of the manifold in order to self-consistently fix the value of an integration constant needs not be generically interpreted as non physical. On the contrary, respecting the NRF mathematical consistency, the average of the Ricci curvature must be carried out over the entire space-time manifold, and thus should be viewed as nothing but a mathematical self consistency requirement.
Notice that, as expected on symmetry grounds, where the actionĨ N GR differs from the action I N GR by just one constant
we expect that classically,Ĩ N GR and I N GR lead to the same solution. Indeed, in case we treatĨ N GR as our basic action, a seemingly different equations of motion emerges, given by
where Λ p is defined as Λ + Λ 0 . The latter expression serves here as the newly emergent effective combination for the cosmological constant, and it is built from two contributions: Λ 0 due to the constant we did not drop in the action Eq. (5), and Λ is proportional toĨ N GR . Nevertheless, we can easily see that Eq. (5) and Eq. (6) imply that the constant Λ p is subject to the functional equation
which is identical to Eq.(4). To summarize, adding a constant Λ 0 has no effect whatsoever on the physical solution, and in practice, the solution tends toward the same value of the physical cosmological constant. [11] . For a number of other relatively simple cases, such as a point particle and a minimally coupled quintessential scalar field, NGR leads to a vanishing cosmological constant [8] , [9] and
Nevertheless, deviating from the normalized EinsteinHilbert Lagrangian can drastically change Eq. (4), and give rise to a non-trivial Λ and R = 0, even in the absence of matter fields [9] . For instance, starting from "Normalized F (R) gravity", described by the action F (R) , one can show that Eq.(4) written for a constant curvature manifold, R =const, acquires the non-trivial form
Considering such deviation, convinces that the normalized Einstein-Hilbert action is unique, in the sense that the action for which R = 0 is the only solution that follows for the case in which the spacetime is empty. This suggests that the consideration of more general normalized action principles (to be discussed elsewhere) may be related to the secondary cosmological constant puzzle [12] , namely, "Why is there something rather than nothing?" Keeping in mind that determining Λ, i.e, solving Eq.(4), for the case of an arbitrary matter Lagrangian and underlying symmetry, is difficult to address directly, here we focus on a maximally symmetric case. The rest of this work is organized as follows: first, we review some general features of NGR. Afterwards, we formulate its minisuperspace version, written for the scale factor function, the only degree of freedom in the corresponding Friedmann-Robertson-Walker (FRW) line element. The subsequent investigation of the associated equations of motion and the accompanying functional equation leads us to the conclusion that the case of the spatially closed Univese does not respect the corresponding functional equation Eq.(4) for conventional attractive matter. Therefore, adopting the NGR paradigm in a maximally symmetric FRW Universe with attractive matter leads toward a non-closed Universe. Furthermore, we reconfirm this conclusion in the framework of a somewhat different action principle [13] designed to take into account the dynamics of the relativistic perfect fluid matter.
Minisuperspace Model in Normalized General Relativity
Implementing the cosmological principle of spatial homogeneity and isotropy for the Universe at the large scale [14] leads to the description of the spacetime metric by just one scale factor function. In this maximally symmetric case, the most general line element in co-moving coordinates is the FRW line element explicitly given by
where k = −1, 0, 1, corresponding to a spatially open, flat, or closed universe, respectively. The cosmic time evolution of the scale factor a(t) is governed by the Einstein equationȧ
where ρ(a) denotes the energy density of a perfect fluid energy-momentum tensor
and Λ is the still undetermined cosmological constant. The various components of the energy-momentum tensor are subject to some yet unspecified equation of state p = p(ρ), and must obey the local conservation laẇ
Invoking the minisuperspace formalism to study normalized general relativistic cosmology, our starting point is the action
While the kinetic component is easily recognized as the Ricci scalar curvature term R, the tenable potential part of the energy density, ρ(a), is actually introduced by hand. The integrations over 3-space coordinates in the numerator and denominator of action Eq. (14) share the same domain and are eventually reduced. The vanishing variation of the action I with respect to the scale factor a (15) gives rise to the following equations of motion 2äa +ȧ
where according to Eq. (4), Λ has been identified via the functional equation
The key point is that to construct an explicit expression for the functional equation Eq.(17), the associated classical solution of the equations of motion, a (t; Λ), must be plugged back into Eq. (14) . In fact, utilizing the equations of motion Eq. (11) and Eq. (16) to eliminateȧ and a in the action Eq. (14) gives
Here the cosmological constant Λ enters the equation through the scale factor and may also appear explicitly in the time integration limits. At this point we can rewrite the functional equation Eq. (18) in one of the two following ways: (i) utilizing the equations of motion Eq. (11) and Eq. (16) to eliminate ρ and dρ/da and obtain
or (ii) utilizing the conservation law Eq. (13) to eliminate dρ/da in Eq. (18), which yields
Notably, the combination ρ + 3p is a source of geodesic acceleration in a Raychaudhuri equations [14] that measures the relative acceleration of two geodesics in the spacetime. Its spatial component g, which is subject to ∇· g = − One technical remark is now in order: the first equation of motion Eq.(11) may be derived from Eq.(16) by multiplying the latter byȧ and then time integrating the result. This gives rise to Eq. (11) but with an additional superfluous integration constant, a fictive indeterminacy that can be avoided once we fix the lapse function N (t) introduced via
after the variation of the corresponding minisuperspace normalized action
In so doing, the variation with respect to N (t) and a(t), combined with the gauge choice N (t) = 1 implemented after the variation, leads to Eq. (11) and Eq. (16), respectively.
Further determination of Λ requires the use of a perfect fluid equation of state. The equation
is often a sensible starting point in standard cosmology [14] . Here w is a constant usually bounded between unity and minus unity. The corresponding energy density ρ is easily found from the underlying conservation law, Eq. (13),
where c is a constant and the factor of six was introduced for convenience. Substituting the latter into Eq. (20) allows the functional equation for Λ to be rewritten
in terms of the scale factor alone. The sign of ρ + 3p dictates that we check the self-consistency of the following example cases:
As we will see below, the functional equation Eq.(25) does not possess a solution for any choice of k or w.
(i) Conventional matter ρ + 3p > 0.
We now consider the solution of Eq.(25) for Λ in the specific case of a radiation dominated Universe, characterized by w = 1/3 and ρ (a) = 6c 2 /a 4 . Choosing other possible values of w in the range w > −1/3, which is consistent with the underlying strong energy condition, does not alter our conclusions markedly. In general, as we will confirm below, the expression given by Eq.(25) vanishes in the limit the scale factor a grows unbounded. Consequently, by using Eq.(25), the corresponding solution for the cosmological constant must also vanish. The strictly positive solution, on the other hand, may occur only if the spacetime volume is finite.
To find the solution of the functional equation, Eq.(25), we can solve for the zeros the difference function, D(Λ), defined as a difference between the two sides of Eq.(25)
Here the scale factor a and the time limits t + , t − depend on Λ. Keeping in mind that Eq. (20) and Eq. (25) imply that the associated Λ in the present case is positive or zero, we address these two cases separately below.
(i1) Is Λ > 0 possible?
For this case, the corresponding equation of motion, Eq. (11), takes the following form of a non-relativistic mechanical problem
For convenience, we introduced a new variable x = a 2 and consider U (x; Λ) defined by
as corresponding to the one parameter family of mechanical potentials with Λ serving as a parameter. This results in useful expressions for the classical turning points x ±
and leads the present discussion to address:
(i1.1) In this case the classically allowed region for x contains all non-negative values, and consequently, the spacetime volume grows unbounded. Because the averaged quantity in Eq.(25) is to a negative power, we expect the average itself, i.e., a quotient of two integrals, to tend to zero as the scale factor grows. In fact, this behavior may be observed numerically once we consider the quantity ρ(a) + 3p(a) T , defined by
Here ρ(a) and p(a) are evaluated along the corresponding classical solution a(t; Λ) with an as yet unspecified Λ ≥ 0 and with the parameter T serving as an upper cutoff for the time coordinate. In FIG. 1 we show that the resultant ρ(a) + 3p(a) T vanishes as T → ∞.
To summarize (i1), the zero limit singles out the only possible value of the cosmological constant, which is Λ = 0. Since this value is not compatible with the initial Λ > 0 assumption, we conclude that the expression given by Eq.(26) does not vanish; therefore, this case does not admit a solution. (i1.
2) The spacetime volume in this case is also unbounded; therefore, we would expect that the accompanying Λ is driven to zero. However, this implies that the relation k 2 < 4Λc 2 /3 is eventually reduced to k 2 < 0, which does not hold for any real k. Therefore, the present case is not allowed since it contradicts the underlying initial assumption. This point may also be seen graphically in FIG. 2 . In fact, the graphs of the corresponding one-parameter family of mechanical potentials given by Eq.(28) lay below the total mechanical energy. This implies that the classical region is infinite, which is not compatible with the initial assumption of Λ > 0.
(i1.3) In this case we will find the allowed value of Λ by utilizing Eq.(19), afterward providing an exact calculation based on Eq.(26).
As may be seen in FIG. 2 , the allowed region for the variable x in this case consists of two disjointed regions 0 ≤ x ≤ x − and x + ≤ x ≤ ∞. The corresponding classical solution in the region x + ≤ x ≤ ∞ possesses a diverging spacetime volume, and therefore, the associated value of Λ necessarily vanishes. This, however, is not consistent with the underlying assumption, i.e., k > 0 and k 2 ≥ 4Λc 2 /3, which excludes the possibility of Λ = 0. The classical solution in the region 0 ≤ x ≤ x − , on the other hand, has a finite spacetime volume, and in combined with Eq.(25), it implies that possible values of Λ are positive. The specific value of Λ which solves the functional equation Eq.(19) must result either in a nonconstant a such thatä → 0 as t → ∞ or inä ≡ 0 associated with an expanding Eddington-Lemaître Universe [15] and its Einstein static closed Universe limit, respectively. The corresponding value of Λ dictates x + = x − , i.e., the graph of U (x; Λ) is tangent to the graph of the total mechanical energy ( see FIG.2) , and eventually leads to
The mechanical potential U (x; Λ) is plotted for two different non-zero values of Λ, together with the corresponding total mechanical energy c 2 (horizontal line). The only consistent value of Λ with Eq.(19) in the present case, is that leading to the mechanical potential (solid line) tangent to the total mechanical energy at point xmax. The associated solutions correspond to the Eddington-Lemaitre Universe (arrow) and its Einstein static Universe limit (solid point).
once k = 1 has been substituted.
To verify that the only allowed value of Λ in the present case is given by Eq.(31), we can plot the graph of the function D(Λ) given by Eq.(26). Specifically, plugging the solution of Eq.(27) (written with the variable a) given by
into Eq.(26) leads to
where the integration limits are given by
Plotting the corresponding graph of the function D(Λ) for w = 1/3 and k = 1 indicates that the root of the function D(Λ) in the present case can be found only for the value given by Eq.(31). Unfortunately, the value of the cosmological constant given by Eq.(31) exhibits a singular behavior in the limit of vanishing matter characterized by the c → 0 limit. This contradicts one of the NGR results, i.e., the cosmological constant necessarily vanishes in an empty spacetime [8] , [9] . Therefore, we exclude these cases as possible physical solutions at this stage.
To conclude, the only possible solution in this category is characterized by a positive cosmological constant, given by Eq.(31), and associated with an eternally expanding Eddington-Lemaitre solution and its static Einstein Universe limit.
(i2) Is Λ = 0 possible?
To investigate this case, we solve Eq.(27) with Λ = 0, given by
and then insert the corresponding solution into Eq.(25). Consequently, the discussion of this case addresses:
where we have provided the accompanying solutions of Eq. (35), written explicitly with the scale factor a. Plugging each of those solutions into Eq.(26) leads to the following conclusions: (i2.1) The corresponding value of D (0) is explicitly given by
Therefore, we are led to the conclusion that the k > 0 case is not compatible in a Universe with a vanishing cosmological constant and attractive matter.
(i2.
2) The corresponding value of D (0) is explicitly given by
This leads us to the conclusion that the Λ = 0 case is consistent with the k = 0 flat Universe with attractive matter.
3) The corresponding value of D (0) is explicitly given by
This leads us to the conclusion that the Λ = 0 case is consistent with the k < 0 open Universe with attractive matter.
To summarize the case of attractive matter, characterized by ρ + 3p > 0, we conclude that the only possible solutions correspond to Λ = 0 and k ≤ 0 ; Λ = 3/4c 2 and k = 1. The solutions with a strictly positive cosmological constant, are not physcially viable, and the generic solution corresponds to the non-closed Universe with a vanishing cosmological constant.
(ii) String-like network ρ + 3p = 0.
The functional equation, Eq. (25), implies that the perfect fluid, with a w = −1/3 equation of state and ρ (a) = 6c 2 /a 2 , leads to a vanishing cosmological constant. This fact does not depend on the sign of the underlying spacetime curvature, and one just has to verify whether or not any limitations are implied by the equation of motion, Eq. (11), itself. In our case, the latter takes the following forṁ
and includes practically no limitations on the sign of the spatial curvature of the Universe. In fact, from the equation of motion Eq.(39), we learn that the cases k < 0 and k = 0 are allowed without any restrictions, while the case k > 0 is allowed if c 2 > 3 holds.
(iii) Ghosty matter ρ + 3p < 0.
In this case Eq. (20) implies that the allowed values of the cosmological constant are necessarily non-positive.
Taking, for instance, ρ (a) = −6c 2 /a, which corresponds to w = −2/3, leads to the following equation of motion for the scale factor ȧ
In the current case we briefly state the final results, which can be obtained by following the same steps as above.
(iii1) Is Λ < 0 possible?
In this case Eq.(39) takes the forṁ
and when treated as a one-dimensional mechanical problem, it admits the following classical turning points
Similar to the cases considered above, the present discussion addresses the following cases:
The validity of each case may be obtained once we follow practically the same steps as above. A short analysis reveals that the only possible solution consistent with Eq.(19) is the static Universe with k = −1 and
To see this explicitly, we consider the difference, D(Λ), given by Eq.(26) In this case the corresponding equation of motion for the scale factor takes the forṁ (44), indicates that a positive spatial curvature leads to two solutions: Λ = 0 and Λ < 0. The latter corresponds to "anti-Einstein" static and a closed Universe with a negative cosmological constant given by Eq. (43).
One can easily verify that this case presents no restriction on k and that any solution of Eq. (27) is consistent with the functional equation Eq.(25). We therefore conclude that in this case, the Universe is either spatially open, closed or flat.
Normalized action principle for a perfect fluid with a particle number current term
We now consider a somewhat different and more elaborate formulation of the perfect fluid normalized cosmology. This approach followed mainly because it offers the possibility of considering the action principle of the relativistic perfect fluid in the most general case, that is, not necessarily maximally symmetric. In such a formalism, the proper pressure and the baryon number equation are explicitly introduced, and one is not forced to import them indirectly through the corresponding energymomentum conservation equation Eq. (13) . Similar to our discussion above, we will derive the corresponding consistency condition in the most general, not necessarily maximally symmetric, case. The maximal symmetry assumption is considered later as a particular limit case. While reconfirming our previous main conclusions of a non-closed universe and a vanishing cosmological constant, we also conclude that the kinematical condition given by Eq.(25) is now modified to Eq.(63). This should not come as a surprise to us, since it merely reflects the fact that the more general model described by Eq.(46) contains an additional current term in the action. Consequently, the value of this action along the solution, which serves to fix the associated value of the cosmological constant, receives an additional contribution and the corresponding functional equation is modified. A few examples, not directly related to the problem discussed in this paper but that demonstrate how additional terms in the normalized action may modify the value of the cosmological constant, can be found in [9] .
Let us consider the following normalized general relativistic action with a perfect fluid matter
where the dynamical degrees of freedom are given by:
Here n is the fluid particle number density that enters through the definition of the matter current
The latter is subject to the following normalization condition
that follows from the normalization of the four-velocity vector u µ u µ = −1. Performing the variation with respect to θ ensures that the particle number conservation equation
holds. Now let us consider the remaining equations of motion that stem from the action I C . Performing the variation with respect to g µν results in the equations of motion, Eq. (3), where the yet unspecified cosmological constant Λ is identified according to
and the corresponding energy-momentum tensor T µν admits the structure of a perfect fluid
The associated energy density ρ and the pressure p are given by
and emerge after we have utilized the equations of motion
that follow from varying j µ , β, α, respectively. We turn now to the derivation of the specfic form of the functional equation, Eq.(50), for Λ in the present case. To this end, we trace the equation of motion Eq.(3) with Λ given by Eq.(50) and contract the expression in Eq.(53) with j µ to obtain the following two equations
Plugging the corresponding R and j µ ∂ µ θ back into the action Eq.(46) we obtain 
In this case the functional equation, Eq.(56), acquires the form
where ρ(n) is given by Eq.(57). Since the parameter w is usually bounded between plus and minus unity we see from the latter and form Eq.(63) that the corresponding solution for Λ, if exists, is non-positive. In the following we consider the solution of the functional equation for Λ in the maximally symmetric case. We now investigate the particular form the consistency condition Eq.(56) acquires, once we consider the minisuperspace model, i.e., restrict our attention to metrics of the form Eq. (10) . To this end, we have to plug the equations of motion into Eq.(56) and exclude the combination p(a) − ρ(a). In such case it is useful to consider the corresponding equations of motion, Eq.(3), when written in the form
with
In fact, the time−time and the space−space components of Eq.(59) are given by the following:
respectively, where the second expression in Eq. (61) 
Keeping in mind that the parameter w is usually bounded between plus and minus unity, we should seek nonpositive solutions of Eq.(63) for Λ by focusing on the Λ < 0 and the Λ = 0 possibilities. Following the same steps as above, it is possible to show that Eq.(63) admits solutions only in the cases of the generally vanishing cosmological constant and the non-closed Universe. Below we present our final results and a short discussion.
Is Λ = 0 possible?
It can be straightforwardly verified that the conclusions we derived in cases (i1), (ii) and (iii2), for different equations of state hold in the present case as well. Specifically, the modified functional condition given by Eq.(63) still respects the Λ = 0 solution with k ≤ 0, and forbids the k > 0 case, once the corresponding solution of the equation of motion Eq. (11) is plugged in. One exception of this general behavior is the w = 1 choice, which corresponds to the so-called stiff matter case with p = ρ. In this case there is no restriction on the sign of k and the spatial curvature of the spacetime.
Is Λ < 0 possible?
Considering graphs of various D(Λ), similar to Eq.(44), for the equations of state that correspond to the cases (i), (ii) and (iii), one may show that the negative cosmological constant Λ < 0 is not compatible with Eq.(63).
To summarize, we have shown that starting from FRW cosmology in the framework of normalized general relativistic theory with matter subject to the strong energy condition led us generically to a non-closed Universe. The corresponding cosmological constant associated with this type of matter is generically zero, except in non-generic solutions associated with Einstein static closed and Eddington-Lemaître universes [15] . Following the perfect fluid action principle [13] , we learn that the inclusion of the perfect fluid particle current term in the action excludes Eddington-Lemaître universes and leads to a vanishing cosmological constant and a non-closed Universe.
